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A B S T R A C T  
 

The present paper describes analytical optimization and numerical simulation of a modern hydro-kinetic 
turbine. It was a tidal turbine with twin elliptic-rotors. The turbines were installed within the twin ducts inside 
of a tidal dam. There was a gap between each of the turbines and the ducts for allowing vortex formation 
around each of turbines. The pitch angle distribution was optimized for highest energy extraction from water 
flow. The numerical simulations of the turbine have shown great power-coefficient that exceeds from 1.0 for 
tip-speed ratios greater than 3.5. According to power-coefficient curve, the runaway speed for the hydro-
kinetic turbine was eliminated and the extracted power has increased with a second order function at higher 
tip-speed ratios. Based on obtained data, an axial hydro-kinetic turbine can not only absorb flow kinetic 
energy of incoming flow, but also can extract energy from parallel flows over each turbine. The power-
coefficient curve against tip-speed ratio encounters with a break point around tip-speed ratio of 3.0. 
Simultaneously a strong vortex ring has formed around each of turbines. Flow trajectories illustrate how the 
hydro-kinetic turbine was able to absorb much more energy from external flows than conventional axial 
hydro-kinetic turbines. 

doi: 10.5829/ijee.2018.09.01.10 
 

 
NOMENCLATURE 

0a  
Calibration constant 

PC                  Power-coefficient of the 

turbine 

DC                 Drag coefficient of the turbine 

E                    Extracted power 

f                    Distribution function for 

blade position over spherical 

surface 

m                   Mass flow rate over turbine 

blades 

N                   Number of frontal blades of 

the turbine 

R                   Radius of sphere 

0R                   smaller radius of elliptic hub 

T                     Holding torque of the turbine 

U                   Flow velocity over spherical 

surface 

V                   Flow velocity in narrow 

channels of turbine 

X                   X-coordinate 

Y                 Y-coordinate 

Greek Symbols  

0
                 

Ideal angle of attack 
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                    Local tip-speed ratio 

0                  Tip-speed ratio based on 

radius of sphere 

                    Pitch angle 

i
                  Inflow angle 

e
                 Outflow angle  

                   Angular speed of the turbine 

0
                 

Tip-speed ratio based on 

radius of sphere 

                    Pitch angle 

Subscripts  

e   Exit from blade 

i  Inter to blade 

j                   Blade row number 

opt               Optimum value 

  Free stream flow 

 
INTRODUCTION1 

 
During past decades energy absorption from river flows 

and tidal currents has been commercialized in many 

countries [1]. A hydro-kinetic turbine extracts energy 

from kinetic energy of water flow. The minimum 

required mean flow velocity for employing hydro-kinetic 
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turbines in rivers is between 1.0 to 1.5 m/s [2]. Tidal 

turbines are related technology to river turbines but they 

extract energy from sea or ocean currents. In early 1990s, 

various types of tidal and river turbines were built. 

Innovative designs in the United States and United 

Kingdom, led to construct small hydro-turbines with 

names Stingray and Sea-Snail and gained significant 

public attention [2]. Setuguchi et al. [1] designed and 

manufactured a diffuser-enhanced duct with two 

passages. They introduced duct shape as a key factor for 

increasing the efficiency of a hydro-kinetic turbine [1]. 

Garrett et al. [3] studied maximum attainable energy by a 

fence of axial flow turbines. Munch et al. [4] investigated 

numerically a four blade ducted tidal turbine. They 

simulated numerically transient turbulent flow in 

ANSYS CFX software. They showed that with tip-speed 

ratio of seven, the turbine power-coefficient exceeds 55% 

[4]. Yaakob et al. [5] had designed and tested a Savonius 

vertical axis turbine for absorbing kinetic energy from 

very low speed (0.56 m/s) tidal flows [6]. ANSYS-CFX 

software was used to find overall efficiency of a diffuser 

enhanced tidal turbine. Also, velocity decay for collinear 

axial hydro-kinetic turbines was studied Wake flow of a 

two-rotor hydro-kinetic turbine was investigated. 

Mehmood et al. [8] studied many diffuser designs for 

tidal current turbines. Schileicher et al. [9] numerically 

designed and simulated a rotor of a hydro-kinetic turbine 

for the highest energy extraction from water flow. Ziaei 

et al. [10] described manufacturing process of a micro-

turbine. They employed CNC machining for 

manufacturing a prototype of microturbine. A conceptual 

design for duct shape for horizontal axis hydro-kinetic 

turbines was introduced and extensive duct shapes were 

numerically studied [11]. The optimum duct shape had 

the greatest frictional drag coefficient and the minimum 

flow separation [11]. Zahedi Nejad and Rad 

demonstrated an analytical model for instantaneous 

energy exchange during rigid interaction of rotor with 

unsteady water flow around duct of axial tidal turbines 

[12]. Zahedi Nejad et al. [13] defined the method of 

design and manufacturing of a multi-diffuser axial hydro-

kinetic turbine. They have manufactured a ducted hydro-

kinetic turbine comprised of two high performance 

propellers with a duct that could convert to many 

experimental models for investigation of various diffuser 

enhancing effects [13]. All steps of design, fabrication 

and test of an axial turbine were described in literature 

[14]. The power-coefficient of the invented turbine was 

gradually increased with increasing turbine's dimensions 

without changing geometric parameters [14]. The present 

paper introduces an innovative design for hydro-kinetic 

turbines. Fig. 1 illustrates the twin tidal turbines inside 

ducts of a tidal dam. The throat diameters of the ducts are 

40 percent greater than the diameter of hydro-kinetic 

turbines. Two generators were installed directly to each 

of the twin hydro-kinetic turbines. The sluice gate was 

designed for controlling water flow when level 

differences of sea water makes powerful currents through 

ducts. The introduced turbine in Figs. 1 and 2 is a modern 

and an efficient design of tidal turbine. 

 

 
Figure 1. The twin turbines inside ducts of a tidal dam. 

 

The top-view of the tidal dam with twin turbines is shown 

in Fig. 2. The frontal and rear supports hold the turbines 

within the ducts. The two turbines are parallel but have 

blades in reverse directions to hold symmetric flow 

condition. The top-view of the sluice gate was also 

demonstrated.   

 

 
Figure 2. Top view of the twin tidal turbine located inside 

of the dam. A section view of the dam was shown for better 

illustration.  

 

Analytical derivations for designing elliptic hydro-

kinetic turbines 
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In present paper, optimum pitch angle opt
 was 

calculated by equation 1 [12]. 

 

0
1

opt )(tan      (1) 

 

As illustrated in Fig. 3, considering potential flow over a 

sphere, the local tip-speed ratio becomes a function of Y-

coordinate: 

 

)Y()Y( Ur    (2) 

 

The optimum slope of Y=f(X) curve in Fig. 3-a, is 
 

 

   
 

opt)Y()Y(opt

0optopt

Ur

tandX/dY




   (3) 

 

 
Fig. 3: a) Top view of spherical hub. The turbine 

rotates around x-axis. b) Side view of spherical hub. 

The potential flow was considered around the 

stationary sphere. 

 

Considering potential flow over spherical hub as shown 

in Fig. 3-b the function U(Y) is analytically approximated. 

The potential flow theory for uniform flow over spherical 

surface of the hub yields: 

 

)sin(U
2

3
UU )(β(Y)      (4) 

 

According to this figure the trigonometric relations in Eq. 

(5) were obtained:  

 

r(Y))(βsinR  , YR)cos(R     (5) 

 

From trigonometric relations and Eq. (5) the )(βsin is 

written as a function of Y-coordinate: 
 

 

   2R/YR/Y2)(βsin     (6) 

Inserting )(βsin from Eq. (6) in the Eq. (4) yields the 

flow velocity over spherical surface. 

 

   2(Y) R/YR/Y2U
2

3
U      (7) 

 

Combining Eq. (3) with Eqs. (4-7) yields the optimum 

distribution for slope function dX/df : 
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(8) 

 

Integration from optimum slope distribution in eq. (8) 

yields the function f(X) : 
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   (9) 

 

Based on Eq. (9), the function f(X) is a linear function 

with zero abscissa and constant slope. Considering 

potential flow, the function f(X) is also a linear function 

for backward blades. While the derivations were 

presented for a spherical hub, a similar linear function is 

also valid for elliptic hub that has been shown in Fig. 4. 

 

 
Fig. 4: Linear function f(X) with zero abscissa for 

forward and backward blades.  

 

Analytical derivation of power-coefficient as a 

function of tip-speed ratio 

Considering Fig. 5, for each blade to blade spacing with 

subscript j the fluid mass flow rate jm
 
exerts a torque 

jT  on the turbine. The torque is expressed as Eq. (10):  

 

 jiieejj RVRVmT


   (10) 
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For each blade with subscript j the extracted power jE  is 

written as:  

 

 



iiieeej

jj

sinRVsinRVm

TE




 (11) 

 

The mass flow rate through each blade row is a portion 

of total mass flow rate over the turbine. For blade row 

number j the mass flow rate with subscript j is:  

 

N/RU
N

m
m 2

0j 


    

(12) 

 

The parameter N in Eq. (12) is the number of frontal 

blades for elliptic turbine. According to Fig. (5), the 

following values are found: 

 

0,0R,RR ii0e   

   2
0

2
jej0e )R(A/m/Rsin    

     2
0

2
jejje )R(A/mV    

  

(13) 

 

 
Fig. 5: Turbo-machine parameters for deriving power-

coefficient as a function of tip-speed ratio.  

 

 

Replacing values of Eqs. (12) and (13) in Eq. (11) yields: 
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The power-coefficient of the turbine is calculated by Eq. 

(15). 
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(15) 

CFD simulation results and discussion 

SolidWorks Flow-Simulation software was used for 

modeling water flow with cavitation around the tidal 

turbine. The solution parameters and governing 

equations were discussed in literature [11]. The minimum 

velocity of water current required according to the 

literature is typically in the range of 1.03 to 2.06 m/s [15]. 

Optimum currents are in the range of 2.57 to 3.6 m/s [15]. 

In present paper the simulations were performed for 

optimum currents of 3.0 m/s which was also reported in 

literature [11, 15]. Many numerical simulations were 

carried out by illustration of the performance of the 

elliptic turbine in water flow with uniform velocity of 3 

m/s. A model turbine with small scale was designed and 

the CFD simulations performed for the model. The 

smallest radius of elliptic turbine (0.05 m) and its length 

of 0.5 m resulted in the flow velocity of m/s and the 

Reynolds number of 2.9105.  

The power-coefficient of the hydro-kinetic turbine for the 

flow velocity of 3 m/s is plotted in Fig. 6. There is a break 

point in the curve of power-coefficient after tip-speed 

ratio of 3.0. For higher values of tip-speed ratio a vortex 

ring is generated around the turbine as shown in Fig. 8. 

The power-coefficient of the hydro-kinetic turbine 

increases with a second-order function after tip-speed 

ratio of 3.0. There is no upper limit for power-coefficient 

of the introduced hydro-kinetic turbine at high tip-speed 

ratios. The increase of power coefficient is originated 

from exchange and circulation of low and high pressure 

flows around elliptic turbine. 

As shown in Fig. 6 the power-coefficient curve has a 

parabolic growth after 0.30  . 

   

 
Fig. 6: Power-coefficient against tip-speed ratio for 

uniform flow of water with speed 3 m/sec in the axial 

direction. 
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An approximate value for power-coefficient is 

 200P aC  in which 0a  is a calibration constant. 

The parabolic curve in Fig. 6 well reads analytical 

derivations (Eq. (15)) for power-coefficient as a function 

of tip-speed ratio. 

Fig. 7 illustrates the curve of drag force coefficient 

against tip-speed ratio. The drag force coefficient 

increases with tip-speed ratio. It encounters with a break 

point at the tip-speed ratio of 3.0. Comparison of Figs. 6 

and 7 illustrate that the drag force coefficient increases 

with increase of power-coefficient.  

 

 
Fig. 7: Drag coefficient against tip-speed ratio for 

uniform flow of water with speed 3 m/sec in the axial 

direction. 

 

Flow trajectories over a blade of the hydro-kinetic turbine 

were plotted for illustrating flow paths during energy 

extraction. As shown in Fig. 8, a vortex ring is formed at 

the middle portion of the turbine. The middle portion of 

the turbine exchanges high pressure flow with low 

pressure flow. The tip-speed ratio for the graph in this 

figure is 5.0.  

 

 
Fig. 8: Flow trajectories over a blade of the turbine in 

water with uniform speed of 3.0 m/sec in the axial 

direction. 

 

 

The total pressure refers to the sum of static pressure, 

dynamic pressure, and gravitational head, as expressed 

by Bernoulli's principle. Fig. 9 illustrates contours of total 

pressure on a cut plane from top view. The tip-speed ratio 

is 5.0. The angular speed of the turbine is 300 rad/s. The 

symmetry boundary condition was defined for external 

flow boundaries. The difference in water level (0.7 m) on 

two sides of the tidal dam makes difference in total 

pressures on two sides of the tidal dam. The total pressure 

distribution in Fig. 9 indicates how the twin turbines 

absorb fluid energy and reduce the total pressure. In this 

simulation, the average flow speed in front of the dam 

was 0.1 m/s, the flow velocity in the ducts is 3.0 m/s and 

both turbines diameters were 0.1 m.  

 

 
Fig. 9: Total pressure distribution for uniform flow of 

water with speed of 1 m/sec in the axial direction. The 

turbine rotation speed is 300 rad/sec. 

 

CONCLUSION 
The present paper introduced design of a modern hydro-

kinetic turbine for optimum power extraction using tidal 

dams. The main concluding remarks of this work are 

listed below. 

 

 The optimum blade shape for an elliptic turbine is a 

planar surface with orientation that construct linear 

function Y=f(X) on the surface of the elliptic hub. 

 The backward blades over elliptic hub of the axial 

hydro-kinetic turbine can significantly increase 

power-coefficient of the hydro-kinetic turbine. 

 Based on numerical and analytical investigations in 

this work, an axial hydro-kinetic turbine can not only 

absorb flow kinetic energy of the incoming flow, 

but-also can extract energy from parallel flows over 
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the turbine. The recovery of fluid total-pressure with 

fluid circulation at the middle portion of the turbine 

provides additional energy for absorption by the 

turbine. This energy recovery yields power-

coefficients that can highly exceed from 1.0.   

 Flow trajectories for 0.3  explain how power-

coefficient of the hydro-kinetic turbine can exceed 

without bound while a vortex ring is observed based 

on the numerical simulations. 

 The total pressure recovery exists in the flow around 

hydro-kinetic turbine. This is an Innovative design 

of axial hydro-kinetic turbine with power-coefficient 

that exceeds 1.0.  

 Having power-coefficients greater than 1.0 is 

meaningful: 'The optimized hydro-kinetic turbines 

can extract much more power than conventional 

axial turbines'.   

 The power-coefficient curve against tip-speed ratio 

for hydro-kinetic turbine has no upper limit. It 

doesn’t have a runaway speed. This means the 

hydro-kinetic turbine can extract high values of 

power from external flow at very high tip-speed 

ratios. 
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 چکیده

دو قلو  یضویبا روتور ب یجزر و مد ینتورب یک یندهد. ا یرا شرح م یدجد یجنبش-یانرژ ینتورب یک یعدد یساز یهو شب یلیتحل یساز ینهمقاله حاضر به

 یلاجازه تشک اها و داکت ها وجود دارد ت یناز تورب یکهر  ینفاصله ب یکنصب شدند.  یسد جزر و مد یکدو قلو در داخل  یها درون داکتها یناست. تورب

 یعدد یها یساز یهشده است. شب یساز ینهگام به یهزاو یعآب توز یاناز جر یاستخراج انرژ یشترینب یها داده شود. برا یناز تورب یکگردابه در اطراف هر 

 نیتوان سرعت دوران آزاد تورب یبضر حنیاست. مطابق من 0/1باالتر از  5/3نسبت سرعت نوک باالتر از  یرا نشان داده اند که برا یتوان بزرگ یبضر ینتورب

انجام شده در  یها ی. بر اساس بررسیابد یم یشسرعت نوک بزرگتر، توان استخراج شده با تابع درجه دو افزا یشود و در نسب ها یحذف م یجنبش-یانرژ

ر ه یمواز یها یاناز جر یجذب انرژ ییرا جذب کند بلکه توانا یورود یانجر یجنبش ینه تنها قادر است انرژ یمحور یجنبش-یانرژ ینتورب یکمقاله حاضر 

مواجه است. به صورت همزمان  0/3نقطه شکست در اطراف نسبت سرعت نوک  یکتوان در مقابل نسبت سرعت نوک با  یبضر یها را دارد. منحن یناز تورب یک

ت در قادر اس یجنبش-یانرژ نیکند که چگونه تورب یمشخص م یانجر یرشود. خطوط مس یم یلها تشک یناز تورب یکدر اطراف هر  یقو یحلقه گردابه ا یک

 جذب کند. یخارج یها یانرا از جر یشتریب یانرژ یجرا یجنبش-یانرژ یها ینبا تورب یسهمقا
 

 

 


